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Abstract 



In this paper we establish the sharp rate of the optimal dual quantization problem. The 
notion of dual quantization was recently introduced in the paper [8], where it was shown that, 
at least in an Euclidean setting, dual quantizers are based on a Delaunay triangulation, the 
dual counterpart of the Voronoi tessellation on which "regular" quantization relies. Moreover, 
this new approach shares an intrinsic stationarity property, which makes it very valuable for 
numerical applications. 

We establish in this paper the counterpart for dual quantization of the celebrated Zador 
theorem, which describes the sharp asymptotics for the quantization error when the quantizer 
size tends to infinity. The proof of this theorem relies among others on an extension of the 
so-called Pierce Lemma by means of a random quantization argument. 

Keywords: Quantization, Rate, Zador's Theorem, Pierce's Lemma, Dual Quantization, Delaunay 
triangulation, Random Quantization. 

MSG: 60F25 

1 Introduction 

In [5], we introduced a new notion of vector quantization called dual quantization (or Delaunay 
quantization in an Euclidean framework). The principle of dual quantization is to map an R"^- 
valued random vector (r.v.) onto a finite grid F C M'' using an appropriate random splitting 
operator J7r : f^o x IR'' ^ T (defined on an exogenous probability space (fio, ^o, Pq)) satisfying 
an intrinsic stationary property 



Then, for every random vector (r.v.) X taking values in conv(r) defined on a probability space 
(fi, iS, P) (once canonically extended on (f^o xVI,Sq<^ S, Pq (?) P)), 



This means that the resulting approximation J7r(^) of X always satisfies a reverse stationarity 
property which can be compared to the one satisfied by the nearest neighbour projection Projp(X) 
of X onto r, namely E(X | Projp(X)) = Projp(X) which is mainly satisfied by optimal grids for 
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^w,^AMx)\x)^x. 



the mean (regular) quadratic quantization error (see below) in an Euclidean framework. It has 
been emphasized in [8j |6j [J how to take advantage of this intrinsic stationary property to produce 
more accurate cubature formulae for (conditional) expectation approximation regardless of any 
optimality property of the grid(s). This new quantization modulus leads to an optimal dual 
quantization problem 

d„,p{X)=mi\^\\Fp{X;T)\\p, TcR^ |r| < n}, 
where Fp denotes the local dual quantization error function 

Fp(C; r) = inf I ( ^ A.IIC - ) ^ A, e [0, 1], ^ A, x = J] A, = 1 1 . 

I xGF xer xer ) 

Since this notion only makes sense for compactly supported r.v. X, we also consider the extension 
to unbounded r.v. X (see 0) defined by 

Fpie, r) := Fpie, r) lconv(r)(e) + dist(X, T) lco„v(r)= (0- 
and the extended dual quantization error given by 

dn,p{X)=mi[\\FpiX;T)\\p, TcR^ |r| < 7i}. 

Recall that the "regular" Voronoi optimal quantization problem reads 

en,piX) = inf I ^Emm||X -xfj " , T C |r| < n| 

It is well-known that e„.p(X) J, as soon as n — ?• oo and X £ Lf{F). Moreover, this rate of 
convergence to of e„^p(X) is ruled by the celebrated Zador Theorem (see U) 

Theorem 1. Let X G L^j{¥), p' > p. Assume the distribution Px of X is decomposed as 
Vx = h.Xd + V, V L Xd- Then 



_n.e„,(X) = Q-,^J|/.||^ 



lim 

where 

Q;f« = inf n^e„,p(;7([0,l]'*))€ (0,oo). 

This rate depending on d is known as the curse of dimensionality. Its statement and proof go back 
to Zador in 1954 for uniform distribution, with an extension to possibly unbounded absolutely 
continuous distributions by Bucklcw and Wise (see [1]). It has been finally established rigourously 
(as far as mathematical standard are concerned) in [3] in 2000. A comprehensive survey of the 
history of quantization can be found in [1] . 

The aim of this paper is to prove for any p > and any norm on R** a counterpart of Zador's 
Theorem in the framework of dual quantization for both dn,p and d„ p error moduli. 

Theorem 2. (a) Let X G Lj^(P). Assume the distribution Px of X reads Px — h.Xd + 
V ^- Xd- Then 

lim n-^ dn.piX) = lim J„.p(X) = Q^.\ ^ ^ \\h\\K 

where 



II \\,f>,^ n— >oo 
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(6) Let X g L^d(IP); p' > P- Assume the distribution ¥x of X reads ¥x = h.Xd + u, v 1. Xd- 
Then 

lim n-^ d„,p{X) ^ Q']^ \\h\\K . 

(c) If d = 1, then 

Moreover we will also establish in Section 2] a upper bound for the dual quantization coefficient 
Qjll,^, when INI = 1-1,.. 

Proposition 1. Let r,p £ [1, oo) and r < p. Then it holds for every d eN 

Q^l ,<d'--Qf'; 

Since this upper bound realizes the same asymptotic rate as in the case of regular quantization 
(cf. Cor. 9.4 in [3]), we believe the rate of d~ to be also the true one for ^ ^ as d — > cxd. 

The paper is entirely devoted to the proof of Theorem [5] Our global strategy of proof is close 
to that adopted in [3] for the original Zador's Theorem. However, it differs at some points when 
dealing with the extended modulus dn^p{X). In one dimension the exact rate 0{n~^) for dn^p{X) 
and dn,piX) follows from a random quantization argument detailed in Section [3] which is an 
extension of the so-called Pierce Lemma dn,p{X) (in fact, we even state a slightly more general 
result than requested for or purpose). This rate can be transferred to 0{n~d) in a d-dimensional 
framework using a product (dual) quantization argument (see Section 12. 2p . Finally the sharp 
upper bound is obtained in Section 2] by successive approximation procedures of the density of X 
which follow the approach developed in [5] to prove the corresponding part of Zador's Lemma, 
whereas the lower bound relies on a new "firewall" Lemma. 

Notations: conv(^) stands for the convex hull of A, \A\ for its cardinality and [xj will denote 
the (lower) integral part of the real x. 

2 Dual quantization: definition and basic properties 
2.1 Definitions 

Assume R'^ equipped with a norm ||-||. First we recall the definition of the regular quantization 
problem for a random vector (r.v.) X : {il,S,¥) {M.'\B'^) and 

Definition 1. Let X e L^^{P) and F C K"^. 

1. We define the L^-mean regular quantization error for a grid F as 

epiX;T) = (Emin||X - x\\Py/P = ||rf(X, F)||iP. 

2. The optimal regular quantization error, which can be achieved by a grid F of size not ex- 
ceeding n is given by 

e„,p(X) = M{ep{X; F) : F C |F| < n}. 



3 



Following [5], the dual quantization error can be introduced as follows. 
Definition 2. Let X e LP(P) and T C «^ . 

1. We define the local p- dual quantization error Jor a grid V as 

FpiC, r) = inf { (J2 Axlie - xr) ^ : A, e [0, 1], ^ A.x = ^, ^ A, = l} 

xer xer xer 

2. The U'-mean dual quantization error for X induced by a grid T is then given by 

dp(X;r) = \\Fp{X;T)\\LP 



(Einf{^A,||e-xr:A, e[0,l] and ^ A,a; ^ A, = l} J 
\ xer xer xer / 



i/p 



3. The optimal dual quantization error, which can be achieved by a grid T of size not exceeding 
n will be denoted by 

dn,p{X) = \TLi{dp{X;T) : r C M'', |r| < n] . 
4-. The extended L^-mean dual quantization error induces by a grid T is defined by 
dp{X,T)= Fp(X;r) W(r)(X)+dist(X,r)leonv(r)=W • 

LP 

5. The optimal extended dual quantization error, which can be achieved by a grid T of size not 
exceeding n will be denoted by 

dn,p{X) = \ni{dp{X\T) ; T C M'', |r| < n). 

Remarks. 1. Since the above quantities only depend on the distribution of the r.v. X we will 
also write (ip(P, F) for dp{X, F) and (i„_p(P) for dn.p{X) where P = Px- 

2. To alleviate notations, we will use throughout the paper F'p , d^ and d^ ^ . . . instead of F^*, 
dPp and JP, . . 

In fact the terminology dual quantization refers to a canonical example of intrinsic stationary 
splitting operator: the dual quantization operator. 

To be more precise, assume M'' is equipped with a norm || . || and let p G [1,+cxd). Let F = 
{xi, . . . , x„} C M'' be a grid of size n> d+1 such that aff.dim(F) > d + 1. 

The idea is to "split" ^ £ conv(F) among at most d + 1 afhnely independent points in F (which 
convex hull contains ^) proportionally to its barycentric coordinates. There are usually many 
possible choices so we introduced a minimal inertia based criterion to select the most appropriate 
"neighbours" of ^, namely the function i^p(^; F) defined for every ^ as the value of the minimization 
problem 



inf 

(Ai,...,A„) 



,A, >0,^A, 



Xi 






1 




1 



Owing to the compactness of constraint set, there exist at least one solution A*(^) and for any such 
solution, one shows using convex extremality arguments that the set I*{C) '-^ {iE I s.t. A*(^) > 
0} defines an affinely independent subset {xi, i£ !*{£,)}. 
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When this solution is always unique, the dual quantization operator is simply defined on conv(r) 

by 

V^econv(r), Vwoe^^o, Jr*(wo,C)= ^'■'1{E}i;a*(?)<c/(^o)<E*-iA*(c)}- 

Thus in the quadratic {p = 2) Euclidean case and when F is in the so-called "general position" , 

then |{^ s.t. = I}, \I\ < d+ l| makes up a Borel partition of conv(r) (with possibly empty 

elements), known in 2-dimension as the Delaunay triangulation of T (see |10| for the connection 
to Delaunay triangulations). In a general framework, we refer to [5] for a construction of dual 
quantization operators. 

These operators plays the role of the nearest neighbour projections for "regular" Voronoi quan- 
tization and one checks that 

\\Jy{X) ~ X\\i^p(j^pjr) ~ ||Fp(X; r)j|ip(p) 

= Einf ||^^A,||X-:E,rj , A, > 0, ^ A, 

The second step of the optimization process is to find grids which are optimally "fitting" (the 
distribution of) X i.e. that are solution to the second level optimization problem 

d„,p(X) =inf {||Jr*(X)-X|Up(P,^P), J* : x conv(r) ^ T, conv(r) D suppPx, |r| < n} . 

Note that if X e i°°(P), d„_p(X) < -foo iff ti > d + 1 (and is identically infinite if X is not 
essentially bounded). The existence of an optimal grid (or dual quantizer) has been established 
in [S] as well as the following characterization dn,p{X) as the lowest L^-mean approximation error 
by r.v. taking at most n values and satisfying the intrinsic stationary property i.e. 

<p(X) = inf {||X-X||ip(p„^P), \X{no X r!)| <n, Ep„«p(X | X) = x} . 

A stochastic optimization procedure is devised in [S] based on a stochastic gradient approach to 
compute optimal grids w.r.t. various distributions. 

When a random vector X is not essentially bounded, the above approach cannot be developed 
since no finite grid can contain its support. In that case, we need to extend the definition of our 
splitting operator Jy outside the convex hull of F. One way to proceed (see 0) is to consider 
again a (deterministic) nearest neighbour projection Projp 

Ve e K'^ \conv(r), Jr(wo,C) - Projr(C)- 

We loose the intrinsic stationary property, however we were able to show the existence of an 
optimal grid solution to the resulting minimization problem 

dn,p{X) = inf {||Fp(X;r)l 

{XGconv(r) 

} + dist(X, r)l{x^co„v(r)}llLP(P)} • 

It is clear that dn,p{X) and dn.p{X) do not coincide even for bounded r.v. but one can show that 

min(d„^p(X), J„,p(X)) > e„_p(X) 

where en,p{X) is the "regular" Voronoi i^'-mean quantization error at level n defined by 

e„,p(X) = influx -Projr(X)||iP(p), |r| < n} . 

The above dual quantization problem is characterized in terms of best approximation in by 
the following theorem established in [5]. 
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Theorem 3. Let X e L"(r2,5,P) and n e N. Then 

dn,p{X) — inf{E||X - Jt{X)\\lp ■ Jr : ^^o x K'' ^ T, intrinsic stationary, 

supp(Px) C conv(r), |r| < n} 
= mi{mx - X\\lp : X : (r^o X f7, 5o ® 5, Pq ® P) ^ M'^, 

\X{no X n)\ < n, E{X\X) =X} < +00. 

These quantities are finite iff X Cz L°°{Q,S,V). 

As already mentioned, we established in [5] the existence of dual quantizers at level n G N for 
the L^-norm when p G (1, 00). We reproduce this result only for the reader's convenience: 

Theorem 4 (Existence of optimal quantizers). Let X G LP{P) for some p G (1, 00) . 

(a) //supp(Px) is compact, then there exists for every n G N a grid T* C M^, |r^| < n such 
thatdpiX;T*)^dn,piX). 

(h) LfPx "is strongly continuous in the sense that it assigns mass zero to all hyperplanes in , 
then there exists for every n G N a grid T* C M^, jr^*! < n such that dp{X; T*) = dn.p{X). 

If furthermore |supp(Px)| > n, then the above statements hold with \T*\ = n. 

2.2 Local properties of the dual quantization functional 

We establish in this paragraph some general properties for the local dual quantization functional 
pp. which will be needed for the final proof of Theorem [51 

Proposition 2. Let Ti, T2 C M"^ be finite grids and let ^G M'*. Then 



T1CIT2 



Fp{^;T2)<Fp{tr,). 



Proof. Assume Fi = {xi, . . . , 



x,n} and r2 = {xi, . . . x^+i, . . . ,a;„}. Then 



71 



71 



mm 

A=(Ai,0) 



p 




mm 

AGR™ 



P 



i=l 




FP(e;ri). 



□ 



Moreover, we will make use of the following three properties established in [8]. 



Proposition 3 (Scalar bound). Let T = {xi, . . . , 



a;„ } C M with xi < . . . < Xn- Then 
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Proposition 4 (Local product Quantization). Lei ||-|| = | • defined for every ^ = (C"*^, • ■ • , ^'^) € 

i/p ^ 

Rd 1^1^^ ^ (j2i<i<d iri^) ^ and r = J]^ Tj for some Tj C M. Then 



i/p d 
and r = 

One then may derive in the next proposition a first upper bound for the asymptotics of the 
optimal dual quantization error of distributions with bounded support when the size of the grid 
tends to infinity. 

Proposition 5 (Product Quantization). Let C = a + £[0,1]'', a = (ai,...,ad) S K'', £ > 0, 
he a hypercube, parallel to the coordinate axis with common edge length I. Let T be the product 
quantizer of size (m + 1)'' defined by 



i£ 

r = n + * = o,...,m}. 



k=l 



There exists a positive real constant Cd,\\-\\ such that 

VeeC, F^'(e;r)<C,,„.||.(^)'.m-^ (2) 

3 Extended Pierce lemma and applications 

The aim of this section is to provide a non-asymptotic upper-bound for the optimal dual quanti- 
zation error in the spirit of [3] , which achieves nevertheless the optimal rate of convergence when 
the size n goes to infinity. Like for "regular" Voronoi quantization this upper-bound deeply relies 
on a random quantization argument. In fact, it can be established for a (slightly) more general 
family of error functionals than the ones cosidered so far for dual and regular quantization. 

3.1 One dimensional extended Pierce Lemma 
Let 

Tn {{Xl, . . . , Xn) G M", — OO < Xi < X2 < ■ ■ • < Xn < +O0} 

be the set of "non-decreasing" n-tuplcs of W\ 

Definition 3. Let (Oo,-^) be a measurable space and let n > 1 be an integer. A measurable 

functional $„ : {Qq x X R, Borln "Si Bor(M.)) {R,Bor{R)) is called a splitting functional 
at level n if it satisfies: 

V(xi,...,a;„)GZ„, V^G M, 

(i) ^e[xi,Xi+i], i = l,...,n-l => VwG fio, ^•n(w,Xi,...,x„,^)G [a:i,a;j+i], 
(m) (-oo,a::i] =^ V uj e flo, ^„{uj, Xi, . . . , x„, ^) = Xi, 

(Hi) ^g[x„,oo) =^ Vwe ilo, ^•„(w,xi, . . . ,x„,^) = a;„ 



Examples: (a) Nearest neighbour /Voronoi quantization. For every i = 1, . . . , n — 1, let 
^^±f^. Set 

Xi if [xi,x^_^^), 

$„(a;,a;i,...,a;„,0 = <( e {x.,,x^+i} ifC = a;,;+i, 

Xi+i if (a;i+i 
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(b) Dual quantization. D,q = [0, 1] and 

n-l 

■i=i 



It follows from [i) that a splitting functional at level n satisfies for every p > 0, w S fig, 
(xi,...,x„)gI„, M, 

e)^ (3) 

where 

Cn— 1 \ p 

^(Zj+i - X,)^'l{^.<j<^.^^} + - 2;n)^l{4>.T„} + [Xl - 0^1{C<xi} 1 ■ 

Let X be random variable defined on (fio, P)- 

XeLf(P) -$„(., a;i,...,x„,X), A(a:i,...,x„,X)eLP(P). 

Furthermore, it follows from ([3]) that 

inf ||^p.„(a;i,...,x„,X)||LP > inf ||X -$„(., xi, x„, > e„,p(X). 

(2;i,...,a:„)el„ (2:1 , . . .,a;„)el„ 

The functionals Ap,„ share two important properties extensively used in what follows: 

• Consistency : if, for every (xi, . . . , x„) G I„ and for every ^G M, 

Vz G 1}, Apji (xi , . . . , , ^) — j\p_ji^l (xi , . . . , X-l—l , X^ , X^ , X^-l-l , . . . , Xn : ^) ■ 

As a straightforward consequence, it follows that 

n inf ||ylp^„(xi, . . . , x„, X)||iP is non-increasing. (4) 

{xi,...,Xn)£Xn 

• Scaling: VwG Qq, V(xi, . . . ,x„)€ X„, V^G R, VaG R+, V/3G R 

^p,n(axi + ^, . . . ,ax„ + /3,^) = a Ap,„(xi, . . . , x„, ^), 

^p,n (^1 ; ■ ■ • : Xn : ^p.7i ( Xn ; ■ • ■ 7 

The main result of this section shows the existence of a universal non-asymptotic upper bounds 
for the error induced by splitting functionals which appears as an extension of the so-called 
Pierce Lemma established in [5] (see also [5]) as crucial step towards Zador's Theorem for regular 
Voronoi quantization. 

Theorem 5. Let p, rj > 0. There exists a positive real constant Cp^,, > and an integer Up^^i ^ 1 
such that for any random variables X : (f2, P) — > M and any sequence of splitting functionals 
(*I'n)n>i defined on a probability space {Qq, Ao,Vq) 

Vn > Up^r,, inf \\X - $„(.,xi, . . .,x„,X)\\lp < Cp.,,\\X\\LP+v/pg(^e)n^^ 

{xi,...,Xn)£ln 

(where X and $„ have been canonically extended to x U,). 
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Proof. Step 1. We first assume that X is [1, +c«)-valued. Let (F„)„>i be a sequence of i.i.d. 
Pareto((5)-distributed random variables (witli probability density /,^(t/) = Sy^^^l^y^iy) defined 
on a probability space {ft\A',P'). By considering h = nxn',A^A(E)A',F = F(S)¥', one 
may assume without loss of generality that X and the sequence {Yn)n>i are independent (and 
defined on the same probability space {il, A, P)). For convenience we will denote throughout the 
proof by II . II LP the LP -norm, on (f^o ® ® 

Let S = 6{p, 77) e (0, |), let ^ = e{p, T]) = For every n > £{p, r,), let n ^ n ~ i + 2. 

inf ||X-$„(. X)||lp < inf \\Ap^n{xi, ■ ■ ■ ,Xn,X)\\LP 

(xi,...,Xn)Eln ,...,2;„ )el„ 

< inf \\Ap^n{l,X2,.-.,X^,X)\\LP 

<\\ApMi,yI"\...,yS^'\x)Up 

where, for every n > 1, F^"^ = ■ ■ ■ ,Yn"'^) denotes the standard order statistics of the first 

n terms of the sequence {Yn)n>i- For notational convenience we set Yg^"^ = 1. Then, using that 
X and (Yfe)/c>i are independent, we get 

n-£ 

EApMl,Yl-\...,Yt\xr < ElE((>;?^>^/"ri{xe[yr,y<;>)}) 



(») \P- 



-E( fx 



Step 3. Now we will compute the successive terms of the above sum. Set k = p + t]. Let 
ie {l,...,n-e}. 



where we used that X and {Yk)k>i are independent. Now, denoting by (u) = {1 — u '')l{y>i} 
the distribution function of the Pareto(i5)-distribution, elementary computations show that 



SB{n -1 + 7, i)B{{n -i)5~r,r + 1)^*^" ^ 
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5' ' ' 'V{i)V[n-i) 

r(n - i + a)r(z) r((n - i)8 - r)V{p + 1) r(n + 1) 

r(n + 2) r((n-i)5 + 1) r(i)r(n-i) 

where the functions 

r(i) = / u^'^e-'^d, t > and S(a,fe) = / u^-^il - uf-'^du, a, b > 
Jo Jo 

are known to satisfy B{a, b) — ^y^^- 

One checks likewise that the above equality still holds for i = 0. 
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Then one derives 



r(n + 1) ^ T{n-t + 2)r((n - i)S - r) 



i=0 



r(n+?)^ ^{^S+l)^{^) ' 

T(x + a) 

Using that, for every a > 0, — — ~ as a; — oo, we derive that 

r{x) 

and 

r(n+l) 

— TT- ^ n ^ as n ^ oo. 

r(n + f) 



Consequently, 



i=0 1=1 * 



-r-1 



n ^-^ \ n 



5-(p+i)„-p / yf-'-i^M as n-^c5o 



<+oo since -J >p 



so that 



i=0 

The remaining term can be treated as fohows. 



< EXP 



Note that 



r(n + i) r(n-£ + i)r(£ + 2) 



T{n-i+l)T{£) r(n+2) 



r(^) 



since ^ > r. Finahy 



s 
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so that 

sup iY.4{y^:l ~ Yl^Y^xl^)-'^ + Eii^i^l+i)-"' 

This shows that for every n > np^^i ■= ^(j>, 'y), 

,1+5 



< +OQ. 



inf ||Ap,„(xi, . . . ,x„,X)||lp < Cp,,, 



II-'^IIlp+^ 



(a;i,...,a;„)Gl„ ' n 

Step 4. If X is a non-negative random variable, applying the second step to X + 1 and using 
the scaling property satisfied by Ap_n yields for n > Up^j (as defined in Step 3), 

inf \\Ap^nii,X2,-..,Xn,X)\\LP = iuf \\Ap,n{xi,...,Xn,X +1)\\lp 

n 

1+^ 



- ^f'" n ■ 

We may assume that ||X||^p+7, G (0,oo). Then, applying the above bound to the non-negative 
random variable X ~ \\x^ yields using positive homogeneity 

inf ||Ap,„(0,a;2,...,a:„,X)||LP < ||X||ip+,C' 

(0,2:2, ...,2;„)6I„ ^' ' n 

Step 5. Let X be a real- valued random variable and let for every integer n > 1, xi, . . . ,x„ G 

(—00, 0), Xn+i = and Xn+2, ■ ■ ■ , X2n+i G (0, +00). It follows that 

Ap^2n+lixi, ■ ■ ■ ,X2n+l, X)P = ^p^„+i (xi , . . . , , X+)^1{X>0} 

+ ^p,n+l(a;i, ■ • ■ ,Xn+l, -X^)Pl^x<0} 
= Ap^n+lixi, ■ ■ ■ ,Xn+l,X+)P + Ap^n+li-Xn+1, . . . , 

Consequently, if p > 1, we get using that up + vp < {u + v)p , u, v > 0, 

inf \\Ap,2n+lixi,...,X2n+l,X)\\LP < iuf \\Ap,n+i{0,X2,.-.,Xn+i,X+)\\LP 

(xi,...,a;2„+i)el2n+l (0,X2,...,x„+i)eX„+i 

+ inf ||^p.„(0,X2, . . . ,x„+i,X_)||lp. 

(o,x2,...,x„+i)ex„+i 

Hence, it follows from Step 3 that, for every n > n^^^ — 1, 



inf 

(a;i,...,2:2„+i)el2„+i 



Il^p,2n-|-l(a::i, • ■ ■ ,X2n+l,X)\\ LP < C'p.,j (\\X ^\\ lp+^ + \\X+\\lp+^^ n + l ' 

= C'p,r,ll^llLP+'7^J-pY 



where we used that ||X||ip+77 < ||X_||ip+7, + ||X+||/^p+r,. Finally, the monotonicity property (|4]) 
implies that, for every n > 2np,,j, 

inf ||Ap.„(xi,...,x„,X)|Up <2C;,,^^. 
{xi,...,x„)ein n 

If (0, 1), one obtains using directly ([S]) that 

inf |iAp^2„+i(^i,-.-,^2„+i,^)||^P<(C;.,)^'(||X_||P+^ + ||X+||0 
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Now 

+ \\x+\\i,,, < i\\x.\\iti, + \\x+\\it;^^)^ = \\x\\i,,, 

so that the conclusion remains the same. □ 

3.2 A d-dimensional non-asymptotic upper-bound for the dual quanti- 
zation error 

Using Proposition m one easily shows the following d-dimcnsional version of the extended Pierce 
Lemma. 

Proposition 6 (d-dimensional extended Pierce Lemma). Let p, 77 > 0. There exists an integer 
nd p T] > 1 cind a real constant Cd p ri such that, for every n > Up ^ and every random variable 
x'€:'Llt'ino,A,P), 

dn.piX) < Cd^pM\X\\LP^„n'^^''. 
//supp(Px) is compact then the same inequality holds true for dn,p{X). 

Proof, d = 1. In this one dimensional setting one may consider only ordered n-tuples 7 = 
(xi,...,x„). One derives from Theorem [5] and the example (6) that follows that, for every 
Ti ^ n 

dn,p{X)= inf ||X -<«([/, 7)||_p <Cp.,,||X||ip+.n-i 
where U ^ C/([0, 1]) is independent of X. 

d > 2. Let 7 be an optimal quantizer of size ni ■ ■ ■ Ud < n. Then it X — {X^, . . . , X"^) denote the 
components of X, one has if min^n^ > rip ,, (from the one dimensional case) using Proposition U] 



<p(X,r^) = EF„,p(X;7) 

d 

< Cd,iipY.^K^p{X';ne) 



d 



< 



< II II „ „ max IIX |Up+„ X d I ri'i 



4 Proof of the sharp rate theorem 

On the way to proof the sharp rate theorem, we have to establish few further propositions. 
Proposition 7 (Sub- linearity). Let P = X]"=i SiPi: Y^^i ~ 1 '^'^'^ '^i — ^- Then 

m 

<p(P)<E*^<,p(P«)- 

i=l 

Proof. For e > and every i = 1, . . . , m, let F; C M'', |Fi| < Ui such that 

d''{P^■,^,) < (i + £)e(PO. 



□ 
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Then by Proposition [2] and with F = IJ™ Ti 

<p(P)<<p(P;r) 

i—1 

<(l+e)5]s.<_p(P.), 

i=l 

SO that sending e — !• yields the assertion. □ 

Remark. Proposition [7] docs not hold for dj^, which causes substantial difBcultics in the proof of 
the sharp rate compared to the regular quantization setting. 

Proposition 8 (Scaling property). Let C = a + p[0, 1]'' be a d- dimensional hypercube, parallel 
to the coordinate axis, with edge length p > 0. Then 



dn,piUiC)) ^ p - dn,p{ll{[0,l]'')). 



Proof. We have 



dP{U{C);{a + pxu...,a + px„})^ / min ^ A, ||C - px.f ufln U 

s.t. [P'l' ■ ''^"]A=[?],A>0 
~ n 

J[04]d ASM" ^ 

s.t. ["f p^^" ]a= ] , a>o 

« n 

-P" mmJ2X.,U^x,r dX'^iO 

J[0^1]d AGK 

s.t. [Y:::t]A=[«],A>o 

= pP-d^{U{[0,lf);{xi,...,Xn}). 

which yields the assertion. □ 

The following Lemma shows that also for dn,p the convex hull of spanned by a sequence of "semi- 
optimal" quantizers asymptotically covers the interior of supp(Pj)c), a fact which is trivial for dn^p 
and compact support. 

Lemma 1. Let K = convjai, . . . , Ok} C supp(P) be a set with K ^ and let r„ be a sequence 
of quantizers such that (i„^p(P,r„) — ?> as n ^ oo. Then there exists ng G N such that for all 
n > uq 

K C conv(r„). 
Proof. Set ao = ^ X^iLi '^i ^^'^ define for p > 

= conv{ai(p), . . . , afc(/9)} with a; = ao + (1 + p)(a, - oq). 
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Since K C supp(P) there exists a po > such that K = K{po) C supp(Px)- We then also denote 
o-iipo) by di. Since moreover a; € supp(Px), there exists a sequence (a")„>i having values in 
conv(r„) and converging to a^. Otherwise there would be > ^md a subsequence (n') such 
that B{di,So) C conv(r„')=. Then dn',piX,Tn') > {^Y F{B{di,eo/2)) since a^e supp(P) which 
contradicts the assumption on the sequence (r„)„>i. 

Since K has a nonempty interior, it follows that aff . dim{ai, . . . ,ak} = aff. dim{ai, . . . , dk} = d. 
Consequently, wc may choose a set /* C {!,..., k}, \I* \ = d+ 1 so that {dj : j G /*} is an afhnely 
independent system in and furthermore there exists a no G N such that the same holds for 
{a" : j G /*} and every n > uq. Hence, we may write for n > uq 

fli = X! ' X! ^i'' = ■i' = ^,---,k- (5) 

This linear system has the unique asymptotic solution fi°°''' — Sij (Kronecker symbol), which 
implies P^^'^ ^ 6ij for n oo. 
Now let ^ G /v C K and write 



^ = Xitti for some > 0, Xi = 1. 



i=l i=l 

One easily verifies that it also holds 
fc 

\ n for \: = I 

A:(l + po) 1 + Po " fc(l + Po) 
and we furthermore may choose a ni > 7io such that for every n > ni 



k 

e = 5:A.5, for A. = — ^ + -^>— ^>0 and Y.~^. = I. 
^ k(l + pn) l + Pn fed + On ^ 



Using ([5]) this leads to 



and 

k 



^r>\ and \H\< 



Thus, noting that 

fc fc 

finally completes the proof. □ 

As already said. Proposition [7] does not hold anymore for d„.p. As a consequence we have 
to establish an asymptotic firewall Lemma, which will help us in the sequel to overcome this 
problem also in the non-compact setting. 
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Lemma 2 (Firewall). Let K C he compact and convex with K Moreover, let e > such 
that 

K, ^{xe K : dist(a;, K") > e} 7^ 0, 
and denote by a subset of the lattice aU^ with edge length a > satisfying 

K\Ke C conv(r„,.). 

and for every x£ K\Kg, dist(a;, T^.e) < C'||.||a where C||.|| > is real constant which only depends 
on the norm \\-\\. 

Then, for every grid T C ,rj £ (0,1) and ^ G K^, it holds 

F^{t r) > (YT^^'(^= n k) u r.,) - (i + i)'q|.||a^ 

Remark. An almost minimal choice for Ij^^.e is 

ra,e = a^"^ n (X \ K,) + {0, ±ae' i^l,...,d} 
where (e^, . . . , e'^) denotes the canonical basis of R''. 

Proof. Let T = {xi, . . . ,Xn} and let ^ G iiTg. Then we may choose / = !{£,) C {l,...,n}, 
|/| < d + 1 such that 

F^i^; r) = E ^^11^ - ^^11"' E = A, > 0, E ^» = 1- 

iel i£l iei 

Assume now that there is a iq G / such that Xi^ Cz T \ K and Ai,-, > (otherwise the assertion 
is trivial). Note that there are at most d such components in /(^) and choose 6 ~ 0{io) G (0, 1) 
such that 

i^,=^ + 0ix,,-O^K\K,. 

Setting 



+ A,,(i-0)' e + K,ii~e) 

we arrive at 

K-^o+ E A°.. = e, A°>o, ea° = i 

ze/\{io} is/ 

so that 

A°jie-i.or+ E A°iie-:^.r- . , ,o;i_.J i^-^^or 

<FP(e;r) 

where we used that 9^ < 6 since p > 1. Repeating the procedure (at most d times) for every 
Xi£T \ K finally yields by induction the existence of G -ftT \ Ke and Xi, i G I such that 

E A,,i,, + E AjXi = ^, ~Xi > 0, ^ A» 1 
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and 

Let us denote I^^^ = {ai, . . . and let be a "modified" Xig{£ T \ K). By construction 

Xi„ G K \ C conv(I^.£) and there is Ji„ C {1, . . . , m} such that 

and 

for a real constant C||.|| > 0, which only depends on the norm ||-||. 

A possible explicit construction (when ^ is as in the above remark) is the following: one may 
select k^U^ such that ak is the nearest neighbour of Xi^ in I^^^ fl if \ K^, . Then there exists 
,...,£^"G {±1} such that 

Xi^ G conv(Q;A:, ak + sj'e-'). 

The resulting index set Jig clearly satisfies the above claim. 
Using the elementary inequality 

Vi]>0, Vu,w>0, {u + v)P < {l + r])PuP + (l + ^YvP, 

we conclude for every j G Jig 

U~a,r<{U^i^o\\ + \\i^o~aA\Y 

<(l + 77n|e-5,:or+(l + i)'q.|| aP. 

As a consequence, 



which in turn implies 

II? - 5. r > E 11^ - r - (i + J) ' 

Plugging this inequality in ^ yields 

FP{^;r)> E A,ii?-^'^r 

+ 71^ E A,EM}ii?-«.r 

-d(l + -YcP, aP 



11-11 



> 



(^^^^n?; (r\ ur„.,) - (i + 1)'^,, aP 



where C^.|l =dC^.|l > 0. □ 
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Now we can establish the sharp rate for the uniform distribution U{[0, l]**). 
Proposition 9 (Uniform distribution). For every p > 1, 

Q;?' ,:= inf ni/'^d„,p(Zi([0,l]'^)) = lim n^/Un.p{U{[0,lf)). 
Proof. Let n, m G N, m < n and set k = k{n, m) = (^j^^'^J ■ 

Covering the unit hypercube [0,1]'' by fc'^ translates Ci,...,Cj.d of the hypercube [O,-^]'', we 
arrive at Ui\0, Vf) = ^ Si=i Hence, Proposition [7] yields 

d%{U{[Q,lY))<k-''Y.dl.mC.))- 

i=l 

Furthermore, Proposition |S] states 

dm,p(W(C,)) = fc-id™,p(iY([0,l]'')), 
so that we may conclude for all ?? , m G N, rn < n 

d„,p(W([0, 1]'^)) < k-^ d™,p(W([0, 1]'')). 

Thus, we arrive at 

n^'" d^,p{U{[0, < k-^ n^'U^^p{U{[Q, l]")) 

which yields for every integer m > 1 

lim sup ni/'^ d„,p ( [0, 1] ) < ml/'' (Z^ ( [0, 1] ) , 

n— >oo 

since lim„^oo k{n,m) ~ +oo. 
This finally implies 

lim ni/''d„,p(W([0,l]'')) = inf m^/'' d„,^p{U{[0,l]'')). 



m>0 



□ 



Proposition 10. For every p > 1, 

Qtl,,= lim n'/'d^^piUiiOAf)) ^ lim n'/' d„.p{U{[0,lf)) 

Proof. Since we have dn,p{X) < dn^p{X) it remains to show 

Q;ip,,<Hminfni/''J„,4Z^([0,l]'')). 

Let (r„) be a sequence of optimal quantizers for (J„_p(W([0, 1]'')) and 

For < e < 1/2 let C, = {1/2,..., 1/2) + ^^[-1, 1]'' be the centered hypercube in [0, 1]'' with 
edge length 1 — e and midpoint (1/2, ... , 1/2). Moreover let (r„) be a sequence of quantizers 
such that 

(Jp(W([0,l]'');r„) < (l + e)J„,p(Z^([0,l]'')). 
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Owing to Lemma [TJ there is an integer e N such that 

Vn > Tie, Ce C conv(r„). 

We therefore get for any n> 

{\ + e)d,,,p{u{[{),iY)) >dp(z^([o,i]'^);r„) >dp(^([o,i]'^)|j,jr„) > dp(z^([o,i]'*)|pjr„). 

Normahzing Z//([0, l]'*)!,-; hrto a probability distribution and applying Proposition [8l we get 

(l+e)d„,p(W([0,l]'')) > rf„,p(Z^([0,l]'^)|^J = {X''{C,))U^^p{U{C,)) = {l-ef+'"vdr,.p{U{[0,\Y)). 
Hence, we obtain for all < £ < 1/2 

liminfnV'^d.^^(Z^([0,l]'^)) > ^j^^^ ^t\lv4^ 
so that letting e yields the assertion. □ 

Proposition 11. Let P = X]"=i *i ^(^i); X^I^i ~ 1; > * ~ l,...,m, where Ci = 
a.i + [0, I = 1, . . . , m, are pairwise disjoint hypercubes in R** zwif/i common edge-length I. Set 



(a) limsupni/^c;„,p(P) <Qf?.^ 

n— yoo 

liminf ni/''J„,p(P) > Q;?"^ 



d ll"lld/(d+p)- 



,,pv-^ ; ^ ^IMI,p,<i ii"iid/(d+p)- 
Proof, (a) For n E N, set 

i," = rF7-r. — r and n,- = Itjul, 1 < i < m. 

' Y^m d/(ti+p) L I J I — — 

Then, by Proposition [7] and Proposition [8l we get for every n > maxi<i<,„(l/ti) 

ni m 

<.p(P) < E «^ d^^iUia)) = P ^ s, dl^ (W([0, 1]'^)). 

1=1 1=1 

Proposition [5] then yields 

n§ <(iY([0, 1]'^)) = (-) ' nf <.(Z^([0, l]-^)) ^ t-^gSl,p,, as n ^ ^. 



Noting that ||/i|U/(rf+p) = ;f (E we get 



hmsupnS d%{V) < Qft,p,ZE*^^r' Qjlp^rf ■ 



M/(d+p)- 
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(6) Let £ g (0, Z/2) and denote by C,;.£ the closed hypercube with the same center as Ci and 
edge-length I — e. For a e (0,£/2), we denote by ^a„,e,i the lattice with edge-length a — ' 
covering \ Ci,^. 

We then get for every i G {1, . . . , m} 



|7q 



I 

- + 1 



1-2 



■£/2 
(5 



and define for e G (0,^/2), a 6 (0,£/2) 





V 




re/2i 




a — 


Hal - 


(a- - 2a 






V a 




V a 







Since " -> 1 and 2a 



s/2 



— £ as a — > 0, we conclude 

V£ G (0, Z/2), lini gi^,{a) ef. 



(7) 



Let Tj G (0, 1) and denote by r„ a sequence of n-quantizers such that <P{P] r„) < (1 + 77)^5^ (P). It 
follows from Proposition [5] that (F{P]Tn) — for n ^ 00 so that Lemma [1] yields the existence 

of rij G N such that for any n > 

IJ Cj,e C conv(r„). 



l<'i<m 

We then derive from Lemma [5] 
(F(W(C,); r„) - / FP{^; r„) X^dO 



> r 



Ff(C;r„)A''(dC) = r 



> 



l-'^{l-eY 



FP(^;r„)A''(de) 



(1 + 77)f 

At this stage, we set for every p > 



and denote 



dP{u{c,,,)- (r„ n a) u 7„,,,,) - {i - £)'^(i + i)" ■ q,.,! • a 



a = Ur, 



l/d 



(8) 



ni = |(r„ n CO U7Q„,e,i|. 

Since dni,p{U{Ci,^)) = — £)d„;,p(W([0, 1]"^)) owing to Proposition [51 we get 



_j m 



> — ^s,nSdP(W(C,,,);(r„nC0U7„„,e,,) 



(l + ^)P+i ^ 



> 



l-'^ {I - eY^+P 

(1 + ^)^ 



Si • C||.|| ■ a^ ■ n'^ 



1=1 



p+i 



P 



(9) 
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Since 

Hi |r„nCi| gi.eictn) |r„nCi| p 

— < ^ — — rf— = H 9l,e[an), 

n n na"' n m 

we conclude from ([7]) and 

m 

limsup^ ^ < 1 + - - e)'^). 



We may choose a subsequence (still denoted by (n)), such that 

7ii/''4p(P) ^ liminf ni/''d„,„(P) and — ^ e [0, 1 + - (/ - e)"*)] 

' n— )-oo 77, 

As a matter of fact, it holds Vi > 0, 1 < i < m: otherwise Proposition [§] would yield 

^ +00, 

which contradicts (a). 

Consequently, we may normalize the u,;'s by setting 



' \ + p{l<' - {I - eY) 
so that YllLi^i — 1- We conclude from Proposition [5] 

liminf£..nS<(W([0,l]'^))=f:.,: lim f + ' ' "^'^^ ) 'nf < (^[0, if)) 

i=l i=l ^ I / 

m 

i=l 

m 

2—1 

(d+p)/d 



Hence, we derive from ^ 



(l + ry)P+i(l + p(Z'i- (Z-e)'^)) 
so that sending e — > implies 



1=1 



- <y|Mi,p,d ■ II^IU/(<i+P) z; ^IMI 1^- ) 



and, finally, letting successively p go to oo and 77 go to yields the assertion. □ 
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Proposition 12. Assume thatP is absolutely continuous w.r.t. X'^ with compact support. Then 

''"'^ ^ <3|Mi,p,d • Md/{d+p)- 

(b) liminf nS J„,,(P) > Q^l^ ^ ■ 

Proof. Let C = [— Z/2,Z/2]'' be a closed hyper hypercubc eentered at the origin, parallel to the 
coordinate axis with edge-length I, such that supp(P) C C. For fc G N consider the tessellation 
of C into k'^ closed hypercubes with common edge-length l/k. To be precise, for every i = 
(ii, . . . , id) G Z'^, we set 



d 

^ ~ 2 ' ' 2 



^ _ -j-j- 1^ I ^ irl I ^ [ir + 1)^ 



Set = ^ and 

p.= 5: p(Q)m), h, = ^= Jir'^- ^''^ 

0<ir.<k 0<ir<k 

By differentiation, of measures we obtain hk — >■ h, X'^-a.s. a.s k ^ oo. which in turn implies owing 
to Scheffc's Lemma 

lim \\hk - h\\i = 0, 

and 

lim \\hk\\d/{d+p) = \\h\\d/{d+p), 

p 

since \\hk — h\\d/(d+p) < ('^'^(C)) W^k — h\\i, owing to Jensen's Inequality applied to the proba- 
bility measure x^{C) • Moreover, by Proposition [TT] we have 

^hm nV''d„,,(P,)-g;^l,,,J|/ife|||/(,+,). (11) 
Likewise, we define an inner approximation to P: Denote by 

c^- ^ [j a_ 

Ci_csupp(P) 

the union of the hypercubes Ci lying in the interior of supp(P). Setting 

Pfc= p{Ci)iiia_), 

c^csupp(P) 



we have as above that 
Consequently 



hk — > /i. A'' — a.s. for k — > oo. 



lim \\hk - h\\i = and lim \\hk\\d/{d+p) = ||^IU/(d+p)- 
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We get likewise by Proposition [TT] that, for every fc G N, 

Jim nV^d„,,(P,) = Qj:],^^^ . (12) 

(a) Let < £ < 1 and n > 2'^/e. If we divide each edge of the hypercube C into 

m = [(en)i/'*J - 1 

intervals of equal length l/m, the interval endpoints define m + 1 grid points on each edge. 
Denoting by Fi = ri(£, n) the product quantizer made up by this procedure, we clearly have 

\n\ = {m + lf^[ieny/''\' 
For this product quantizer it holds for all ^ G C by Propositions U and |3] 



< c 



d , 

\2mJ 



\V\\,P,d 



{en) d 

For 712 = L(l ^ £)"-J let F2 be a ri,2-quantizer such that (F{Vk;T2) < (1 + e)dP^^{Pk)- We clearly 
have IFi UF2I <n and 

n§ J FP{e,T,UT2)dPkiO- J F^'(C;FiUr2)dP(0 

<7iS y FP{C,riUT2)\hk{0-h{0\dX''^ 

- ^\\-\\-P-d "ll'^fe ~ 

= Cl,e\\hk - h\\i 

for A: e N and n > max|^, 137 1- This implies 

n«<,^(P) < nS 1 i^^'(C;Fi ur2)dP(e) 

<nS y"^^f(C;r2)dPfe(0 + ci||/ife-/i||i 

< (l + £)7lS<JPfc)+Cl,,ll/lfe-/li|l, 

so that we conclude from ([TTjl 

limsupri«<p(P) < -l±£^(Oj|:| )f||/i,I|,/(,+p)+ci,,I|/7fe-/i||i. 

Letting first k go to infinity and then letting e go to zero yields 

limsupni/^d„^^(p)<Qjq^^J|/,,|||^^^^^^. 
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(6) Assume that is a n2-quantizer such that dP{P;r3) < (1 + £)d^^(P). Again it holds 
Ti U Fal < n and we derive as above 

nS J Ff(^;ri ur3)dPfc(0 - J FP(^;ri ur3)dP(e) < C2,e\\hk - hh. (13) 

Moreover, Lemma [1] yields for every G N the existence of Uk^e G such that, for all n > nk,e, 

(1 + e) <,p(P) > dP{P; Fa) > / F^i^; r3)dP(C) 



>/ FP(C;r3)dP(0 > / Ff(e;riur3)dP(e). 

Thus, we derive from (|13p that, for every n > max (^Uk.e, j 
(1 + e) n5 <,.^(P) > / F^i^; Fi U F3)dP(0 



>n^ f i^P(^;FiUF3)dPfc(e)-C2,e||/ife-/i||i 

>7l5<p(Pfc)-C2,e||Afe-/l||l, 

which yields, once combined with p^ . 

1 + e £ - d ° 



Letting first fc go to 00 and then letting s go to 0, we get 

liminf 4,p(P) > Q'!iipJHd/id+p)- 



□ 



Proposition 13 (Singular distribution). Assume that P is singular with respect to X"^ and has 
compact support. Then 

limsupnrf dn^p(P) = 0. 

Proof, (closely follows Step 4 in Graf and Luschgy's proof of Zador's Theorem). Let A be a Borel 
set such that P{A) = 1 and X'^{A) = 0. Let e > 0; by the outside regularity of A'' there exists an 
open set O = 0{e) set such that A'^(O) < e (and P(0) — 1). Let C be an open hypercubc with 
edges of length £ parallel to the coordinate axis containing the closure of A. 
Let Ck = riiLi [cfc,i, Cfc^i+£i), k£ N be a countable partition of A consisting of nonempty half-open 
hypercubes, still with edges parallel to the coordinate axis (see, e.g. Lemma 1.4.2 in [2]). 
Let m = m(e) G N such that ^ P(Cfc) < e^l'^. 

k>m+l 

Let TiG N, 71 > 2"^+^ and let ni, . . . ,nd > 2 he integers such that the product nf + - ■ ■ + n^^ < n/2. 
One designs a grid F as follows. 

For every fc G {1, . . . , m}, we consider the lattice of Ck of size nf defined by 



a 

Y\\ Cfe.i H ^—r^i, = 0, . . . , rifc - 1, i = 1, . 



23 



Then one defines likewise the lattice of C of size n'^-^^i <'n/2 

d 



n{ 



r-j = 0, . . . ,n„+i - 1, i = 1, 



.,4 



The grid F is made up with all the points of the m + 1 above finite lattices. 
Now let ^ £ A. It is clear from the definition of the function Fp that 

where C|[.|| > is a real constant only depending on the norm. 
As a consequence 



'c\\JT=i Ck 



^ qi.ii(^(4MmCfe) + (£/n„+i)pp(c\ U Ck) 

Set for every /c G {!,..., m}, 



fe=i 



k=l 



nk 



4(n/2)^ 



and n„i+i = [{n/2)<i\. Note that 



Y,ii=J2x'iCk)<\'iA)<e. 



fc'=i k=i 

Elementary computations show that for large enough n all the Uk are greater than 1 and that 

m m d m 

J2{h/nkrP{Ck)+{l/n^+,)PP{C\\JCk) < 4)5(n/2)-5p(Ui<fc<™Cfe) + (n/2)-§FP(C\|J Cfc) 



fe=i 

so that 



k=l 



k' = l 



k=l 



limsupn3dP p(P) < q|.||(e/2)- 

n 

which in turn implies by letting s go to that 

limsupn^d^ p(P) = 0. 



□ 



Proof of Theorem The assertion (a) follows directly from Propositions [T^ and [Ql and the 
fact that it holds dn.p{X) < dn,p{X) for every n G N. Furthermore, part (c) was derived in [S], 
Section 5.1. Hence, it remains to prove (b). 

Proof. Step 1. (Lower bound) If X is compactly supported, the assertion follows from Proposi- 
tion [121 Otherwise, set for every i?G (0, oo). 



-R,RY 
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and for fc e N 



(14) 



Proposition [T^ yields again 

Jim 4,p(P(-|C,)) = Qj^i^^^ • liMc./P(C,)|l!/(,+rt, 
so that <.p(P) > P(-|Cfc)d^,p(P(-|Cfc)) implies for all fc G N 

liminf 4,p(P) > gft,,,, • li WcJ||/(,+^). 

Sending A: to infinity, we arrive at 

lim^inf J„,,(P) > Qj^ji^^ ,, ■ 

Step 2 ([/pper feownrf, supp(P) = R'^). Let pe (0, 1). Set K = Cu+p and ifp = Cfc. Let Tk^a,p 
be the lattice grid associated to K \ Kp with edge a > as defined in the remark that follows 
the firewall lemma. It is straightforward that there exists a real constant C > such that 

VfceN,Vpe (0,l),Vae (0,p) : |r„,p| <Cdpk'^-^a-'^. 

Let £G (0, 1). For every ti > 1, set = So'^^^ where ao G (0, 1) is a real constant and 

"0 = |rfe,a„,p|, ni [(1 - e)(n - no)J, ^2 = [^(n - rto)J , 

so that Un G (O./c), no + '^■1 + < JT- and > 1 for large enough ti. For every ^ G A'^ = Cfc, for 
every grid F C M"^, we know by the firewall lemma that 

(F n X) U F„,p) < (1 + iifF^ii- F) + (1 + 77)^(1 + l/r/)^q|.||a^. 

Let Fi = Fi(ni,fc) be a ni quantizer such that (P(.|Cfe); Fi) < (1 + r})dP,^{V{.\Ck)). Set 
F{ = ((Fi n Cfc+p) U Ffc_ct„,p)- One has F{ C Cfc+2p for large enough n (so that a„ < p). 
Let moreover F2 = F2(n2,'fc) be a 712 quantizer such that Jp JP(.|C^); F2) < (1 + JP(.|C^)). 
For 71 > rip, we may assume that Ck+2p C convF2 owing to Lemma[l]since Ck+2p ~ conY{C'k+2p \ 



Cfc_|_3p) and Ck+2p \ Cfc+^p C suppP(.|Cfc). As a consequence F{ C conv(F2) so that conv(F{) C 
conv(F2) = conv(F) where F = F{ U F2and 



Cfc+p C conv(F) = conv(F2). 



Now 



<,p(P) < 



/ 



V 



- / (FP(e;F)l{5eeo„v(r.)}+d(C,r)n{5^,o„v(r,)})dP(e). 
Jcf 



Using that, for every Ck, 

< (l + r;r(^^f(C;Fi) + (l + l/7y)Pq|.||<) 
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implies 

<p(P) < P(Cfc)(l + ((1 + rj) <^^p(P(.|C,)) + (1 + l/r;)f q|.|| n"^) 
+P(C,^)(l+r7)4„p(P(.|C^)). 



Consequently 

n§<p(P) < P(Cfc)(l + ?/F 



p 

(1 + v) (^) ' nl di^,p{P{.n)) + (1 + lA?rq|.||5o 



71 



+ (1 + ^) (^-j P(Q^)n|d„„p(P(.|C,^)) 

which in turn implies, using the d-dimensional version of the extended Pierce Lemma (Proposi- 
tion E]), 



lim^supn^<,(P) < P(^^)(l + .r((^rr7#^||^ ^Nlll'^lcJ 
+ (l + l^fq|.||ao) 
+P(C^)(l+77) Cp,rf||^l{xec,= }lli.. 



^"^^ Ve(l-Cdpfc'i-iao'') 

One concludes by letting successively p, ao and rj go to 0, sending fc — >■ cxd and finally e to 0. 
Step 3. (Upper bound: general case). Let p G (0, 1). Set Pp = pP + (f - p)Po where Pq = 
J\f{0;ld) (d-dimensional normal distribution). It is clear from the very definition of that 
dn,p{P) < ^dn,p(Pp) since P < ^ < Pp. The distribution Pp has hp ~ ph + [1 — p)hQ (with 
obvious notations) and one concludes by noting that 

1™ ||/ip||rf/(d+p) = WHd/id+p) 

owing to the Lebesgue dominated convergence Theorem. □ 
Proof of Proposition [T} 

Proof. Using Hoelder's inequality one easily checks that for < ?- < p and a; G K'' it holds 

\x\ir < d~~p \x\iP. 



Moreover, for m G N set n = m'^ and let P' be an optimal quantizer for dm.p(W([0, 1])) (or at 
least (1 + e)-optimal for e > 0). Denoting P — nf=i T', it then follows from Proposition U that 

d 

n§ dl{U{[0, lY)) < n5 ^^'(^([0, 1]^);P) = ^^-(^([0, 1]); P') = dm^ C(Z^([0, 1])). 

1=1 

Combining both results and reminding that (5jJ^| ^ ^ holds as an infimum, we arrive for < r < p 
at 

{Qtl,p,dy < d^^' <,V\„ (^([0, 1]')) < rn^ <(i^([0, 1])), 
which finally proves the assertion by sending m oo. □ 
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